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ABSTRACT 
All Diophantine equations 
a.~‘+by’+r-_‘=l+d.~y_. with a. b, c. d E N and aid. bid, cld. 
having solutions (x,~, z) E N’ are determined. One particular equation of this type 
2.~~+2~~+3:~=1+6.~~~ 
appeared recently in connection with the description of the lower part of the approximation spec- 
trum for quaternions. 
Recently the Diophantine equation 
2x2 + 2y2 + 3z2 = 1 + 6xyz 
appeared in connection with the description of the lower part of the approx- 
imation spectrum for quaternions [3], but also the same equation is connected 
with the description of approximation constants for complex numbers on the 
circle {z E C 1 IzI = l/d} with respect to integers in the field Q(n). Anal- 
ogous results are to be expected in general with other circles in the complex 
plane and integers of an imaginary quadratic number field, especially when the 
circle contains no points from the number field. 
With this motivation we will consider the Diophantine equation 
(1) ax* + by* + cz* = 1 + dxyz, with a: b,c,d E N and aid, bid, cld, 
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and we look for (a, b, c, d), where (1) has a solution (x, y, z) E N3 
Clearly gcd(a, 6, c) = 1. We let 
and we notice that if (x, y, z) E L then 
@l (x, Y, z) = (W)YZ - X,Y, z) E L, 
P2(x,y, z) = (x, (d/b)xz - y, z) E L, 
@3(x,y, z) = (x, y, (dlc)xy - z) E L. 
The three solutions @j(x, y, z) are called neighbouring solutions to (x, y> z). A 
solution (x, y, z) E L with 
1 5 x I d,‘(2a)yz, 1 5 y 5 d/(2b)xz, 1 5 z < d/(2c)xy, 
is called afindumental solution. With h(x, y, z) = x + y + z as height function, a 
fundamental solution (x,y,z) has height 5 the height of its three neighbours. 
By arguments analogous to those in [l], [2] every solution to (1) comes through 
the neighbouring process from a unique fundamental solution. 
If precisely one of the coefficients a, b, c in (l), say c, is divisible byp2, where 
p is a prime, then any solution (x0, yo, ZO) to (1) comes from a solution 
(x0, Yo 1 PZO) to 
(1’) ax2 f by2 + c'z2 = 1 + d’xyz, where c’ = c/p2: d’ = d/p, 
If two of the coefficients a, b, c in (l), say b and c, are divisible by f 2, where 
f > 1, then any solution (xo,~o, ZO) to (1) comes from a solution (xo,fj~a,fio) to 
(1”) ax2 + b”y2 + c”z2 = 1 + d”xyz, where (b”. c”, d”) = (b, c, d)/f2. 
Since the equations (1’) and (1”) are of the same type as (l), and a fundamental 
solution to (1) comes from fundamental solutions to (1’) or (1 “), it follows that 
it is enough to consider equations (1) which areprimitive in the sense that a, b, c 
are all squarefree. 
Theorem. Let a, b, c, d E N with aid, bid, cld and gcd(a, b, c) = 1, and assume 
that the equation (1) is primitive and has a fundamental solution (x, y, z). Then 
upartfromapermutationof((a,x),(b,y),(c,z)) one of the following cases (with b 
squarefree in case 4) must occur: 
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case a b c d (x, y, z) 
1515 5 (1,492) or (294, 1) 
2 316 6 (1,291) 
3 7 2 14 14 (1,2,1) 
4 lb b 2b (l,t,t),t~N 
5 223 6 (1, 1, 1) 
6 6 10 15 30 (1, 1, 1) 
7 212 2 (2, 3, 2) 
Proof. Let 
x’ = &x, y’ = v%y, z’ = fiz, d’ = d/v”&. 
Then 
(2) x’z + y” + z’2 = 1 + d’X’y’Z’, 
By symmetry we may assume that 
(3) 1 5 x’ < min(y’,z’). 
In case y’ 5 z’ we rewrite (2) into 
(d’X’y’ _ 2z’)2 = d’2_Y’2y,2 _ 4,x’2 _ 4y/2 + 4, 
and since 2cz < dxy and hence 22’ < d’x’y’ we have 
,# 5 :’ x ;d’xly’ _; &2_x’2y12 - 4x’? - 4y’2 + 4 
which implies 
1:’ d12_~12yd - 4,~‘~ - 43”’ + 4 < d’x’y - 23”; 
giving 
d’x’y’2 5 x’~ + 2~‘~ - 1 5 3~” - 1 < 3~“. 
Thus d’x’ < 3 or equivalently (d/b)(d/c)x2 < 9. The case z’ 5 y’ leads simi- 
larly to the same result. On the other hand the quadratic form 
f(y:z) = by’ + cz2 - (d_x)yz(= 1 - ax’) 
represents b, c > 0 and 1 - ax2 I 0, hence 
discrCf) = (d-x)’ - 4bc = bc((d/b)(d/c)x2 - 4) > 0, 
so that (d/b)(d/c)x’ > 4. Altogether we must have 
(4) 4 < (d/b)(d/c)x’ < 9. 
By symmetry we may assume additionally that b < c. Hence by (4) either 
x = 1 and (d/b, d/c) 
E ((4.1). (5,1). (63 I), (7.1). (8, I)> (2,2), (3,2), (4,2)}. 
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x = 2 and (d/b,d/c) E ((1, l), (2,l)). 
Notice first that x = 1 and (d/b, d/c) E ((4, l), (8,l)) can not occur by the as- 
sumption of primitivity. The remaining 8 possibilities are considered sepa- 
rately. 
1) x=l,c=d=5b.Sincegcd(a,b,c)=landaldwehavea=lora=5. 
Thus (1) becomes 
ax2+by2+5bz2=1+5bxyz, whereaE{1,5}andx=l. 
Hence b(y2 + 5z2 - 5yz) = 1 - a E (0, -4). Clearly only the second option is 
possible leading to case 1: (a, b, c, d) = (5,1,5,5) with fundamental solution 
(x, y, z) = (1,4,2). Notice that b = 4 is impossible by the assumption of primi- 
tivity, and that b = 2 is impossible since y2 + 5z2 - 5yz = -2 is unsolvable 
modulo 5. 
2) x = 1, c = d = 6b. Since gcd(u, b, c) = 1 and aId we have a E { 1,2,3,6}. 
Thus (1) becomes 
ux2+by2+6bz2=1+6bxyz, whereuE{1,2,3,6}andx=l. 
Hence b((y - 3~)~ - 3z2) = 1 - a E {0, -1, -2, -5). Clearly (y - 3~)~ - 3z2 = 
0 is impossible, but also (y - 3~)~ - 3z2 = -1 is impossible modulo 3. There- 
fore it remains to consider 
(b = 1 and (y- 3~)~ - 3z2 = -2) or (b = 1 and (y - 3~)~ - 3z2 = -5). 
Since (y - 3~)~ - 3z2 = -5 is unsolvable, we find only case 2: (a, b! c, d) = 
(3,1,6,6) with fundamental solution (x,y, z) = (1,2,1). 
3) x=1,c=d=7b.Sincegcd(u,b,c)=1andu~dwehaveu~{1,7}.Thus 
(1) becomes 
ux2+by2+7bz2=1+7bxyz, whereuE{lY7}andx=1. 
Hence b(y2 + 7z2 - 7yz) = 1 - a E (0, -6). Clearly y2 + 7z2 - 7yz = 0 is im- 
possible. Also y2 + 7z2 - 7yz = -6 is seen to to be unsolvable by considering it 
modulo 3 and modulo 9. Further y2 + 7z2 - 7yz E - 1 (mod 7) and y2 + 7z2- 
7yz E -2 (mod 7) are impossible. Therefore it remains to consider 
b = 2 and y2 + 7z2 - 7yz = -3, 
which leads to case 3: (a, b,c,d) = (7,2,14,14) with fundamental solution 
(x,v,z) = (1,2,1). 
4) x = 1, c = b, d = 2b. Since gcd(u, b, c) = 1 and aId we have a E { 1,2}. 
Thus (1) becomes 
ux2+by2+bz2=1+2bxyz, whereuE{1,2}andx=l. 
Hence b(y - z)~ = 1 - a E (0, -l}. This is only possible if a = 1, and leads to 
case 4: (a, b, c, d) = (1, b, b, 2b) with fundamental solutions (x, y, z) = (1, t, t), 
t E N. 
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5) x = 1, 2c = 3b, d = 3b. 
{1,2,3,6}.Thus(l) becomes 
ax* + by2 +ibz2 = 1 +3bxyz, whereaE{1,2,3,6}andx=l, 
Since gcd(a, b, c) = 1 and aId we have a E 
where b = 22, is even. Hence b(2y2 + 3z2 - 6yz) = 1 -a E (0, -1, -2, -5). 
Clearly 2y2 + 32’ - 6yz = 0 is impossible, but also 2y2 + 32’ - 6yz = -2 E 
-5 (mod 3) is impossible. Therefore it remains to consider 
which leads to case 5: (a, b,c,d) = (2,2,3,6) with fundamental solution 
(X>Y,Z) = (l,l,lL and to case 6: (a, b, c: d) = (6,10,15,30) with fundamental 
solution (x,y, z) = (1, l,l). The possibility 6 = 2 gives b = 4 and is therefore 
excluded by the assumption of primitivity. 
6) x = 1, c = 2b, d = 4b. Since gcd(a, 6, c) = 1 and aId we have a E { 1,2,4}, 
and indeed a E { 1,2} by the assumption of primitivity. Thus (1) becomes 
ax2+by2+2bz2=1+4bxyz, whereaE{1,2}andx=l. 
Hence b(y’ - 2(y - z)‘) = a - 1 E (0, l}. Since y2 - 2(y - z)’ = 0 is im- 
possible it remains to consider b = a - 1 = 1 and y* - 2(y - z) * = 1, which 
leads to (a, b, c, d) = (2,1,2,4) with fundamental solution (x, y, z) = (1, 1,l). 
However this does not satisfy (3) and is therefore omitted (cf. case 4 with b = 2). 
7) x = 2, b = c = d. Since gcd(a, b, c) = 1 and ald we have a = 1. Thus (1) 
becomes 
x2 + by* + bz* = 1 + bxyz, where x = 2. 
Hence b(y - z) * = -3, which is impossible. 
8) x = 2, c = d = 2b. Since gcd(a, 6, c) = 1 and a/d we have a E { 1,2}. Thus 
(1) becomes 
ux2 + by2 +2bz2 =1+2bxyz, whereaE{1,2}andx=2. 
Hence it remains to consider the two possibilities 
(5) (b=landy’-2(y-z)*=3)or(b=3andy2-2(y-z)*=l), 
(6) (b=1andy2-2(y-z)2=7)or(b=7andy2-2(y-z)2=1). 
By considering congruences modulo 3 and modulo 9 we can exclude the first 
option in (5). The second option in (5) leads to (a, b, c, d) = (1,3,6,6) with 
fundamental solution (x, y, z) = (2,1, l), thus this does not satisfy (3) and is 
therefore omitted (cf. case 2). 
The first option in (6) leads to case 7: (a, b, c, d) = (2,1,2,2) with funda- 
mental solution (x, y,z) = (2,3,2). The second option in (6) leads to 
(a, b, c, d) = (2,7, 14.14) with fundamental solution (x,y,z) = (2,1, I), thus 
this does not satisfy (3) and is therefore omitted (cf. case 3). 
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